We examine the proposal by Grabowska and Kaplan (GK) to use the infinite gradient flow in the domain-wall formulation of chiral lattice gauge theories. We consider the case of Abelian theories in detail, for which Lüscher's exact gauge-invariant formulation is known, and we relate GK's formulation to Lüscher's one. The gradient flow can be formulated for the admissible U(1) link fields so that it preserves their topological charges. GK's effective action turns out to be equal to the sum of Lüscher's gauge-invariant effective actions for the target Weyl fermions and the mirror "fluffy" fermions, plus the so-called measureterm integrated along the infinite gradient flow. The measure-term current is originally a local(analytic) and gauge-invariant functional of the admissible link field, given as a solution to the local cohomology problem. However, with the infinite gradient flow, it gives rise to non-local(non-analytic) vertex functions which are not suppressed exponentially at large distance. The "fluffy" fermions remain as a source of non-local contribution, which couple yet to the Wilson-line and magnetic-flux degrees of freedom of the dynamical link field.
Introduction
In the recent proposal by Grabowska and Kaplan [1, 3] of a non-perturbative regularization for chiral gauge theories, the authors consider the original (periodic) domain wall fermion by Kaplan [4, 5] , but coupled to the "five-dimensional" link field which is obtained by the gradient flow [6] [7] [8] [9] from the dynamical four-dimensional link field at the target wall toward the mirror wall. This choice of the "five-dimensional" link field makes possible a chiral gauge-coupling for the target and mirror walls, while keeping the system four-dimensional and gauge-invariant.
However, there is some doubt about locality in this formulation. In the weak gaugecoupling limit of the topologically trivial sector, the condition that the form factor of the mirror-modes is soft enough to suppress the transverse gauge-coupling is given by µ 4 sin 2 (p µ /2) t 1 for all possible momenta above a certain IR cutoff. If one assumes |p µ | ≥ π/L where L is the linear extent of a lattice, the condition reads √ 8t 8/π 2 L [7] [8] [9] . This apparently contradicts the other condition 1 √ 8t L for that a local composite operator of the flowed five-dimensional link field is local w.r.t. the original fourdimensional link field. This implies that the imaginary part of the effective action, which can be written with the local operators of the five-dimensional link field, actually contains the non-local operators w.r.t. the dynamical four-dimensional link field. This is one reason why the gauge-invariance is maintained in this formulation even when any anomalous set of chiral-modes appear in the target wall. The fate of the non-local terms in anomaly-free cases is not fully clarified yet.
In this paper, we examine the proposal by Grabowska and Kaplan (GK) to use the (infinite) gradient flow in the domain-wall formulation of chiral lattice gauge theories. 1 We consider the case of Abelian theories in detail, for which an exact gauge-invariant formulation has been obtained [13] based on the Ginsparg-Wilson relation [14, 15] /the overlap Dirac operator [16] [17] [18] [19] [20] and its relation to domain wall formulation has been clarified [21] . Based on these known results, we relate GK's formulation to the exact gauge-invariant one and examine the locality property of the former in relation to the latter. The gradient flow can be formulated for the admissible U(1) link fields so that it preserves their topological charges. GK's effective action turns out to be equal to the sum of Lüscher's gauge-invariant effective actions for the target Weyl fermions and the mirror "fluffy" fermions, plus the socalled measure-term integrated along the infinite gradient flow. The measure-term current is originally a local(analytic) and gauge-invariant functional of the admissible link field, given as a solution to the local cohomology problem. However, with the infinite gradient flow, it gives rise to non-local(non-analytic) vertex functions Γ (k) (x 1 , . . . , x k ) which are only suppressed at large distance in the power of r = k i=2 x i − x 1 1 as r −(5k−4) . The "fluffy" fermions remain as a source of non-local contribution, which couple yet to the Wilson-line and magnetic-flux degrees of freedom of the dynamical link field. This paper is organized as follows. In section 2, we first review briefly the construction of U(1) chiral lattice gauge theories with exact gauge invariance based on the overlap Dirac operator/the Ginsparg-Wilson relation [13] , and its relation to the domain wall fermion [21] . In section 3, we formulate the gradient flow for the admissible U(1) link fields. In section 4, we implement the proposal by Grabowska and Kaplan using the simplified domain wall fermion [5] , and clarify its relation to Luscher's gauge-invariant formulation. In section 5, we discuss the issue of locality. In section 6, we conclude with some discussions.
Abelian chiral gauge theories on the lattice with exact gauge invariance
In this section, we first review briefly the construction of U(1) chiral lattice gauge theories with exact gauge invariance based on the overlap Dirac operator/the Ginsparg-Wilson relation [13] , and its implementation based on the domain wall fermion [21] . 1 We do not consider here the so-called chiral solution of the Ginsparg-Wilson relation [2] and the related issues [10] [11] [12] . As far as the authors understand, the chiral solution is derived by a wrong use of the subtraction scheme which is applicable only to vector-like theories, where the sizable direct coupling among the target wall with U (x, µ) and the mirror wall with U (x, µ) is introduced by the use of the Pauli-Villars spinor-boson with the anti-periodic boundary condition. In fact, even for the gradual flow, one obtains the same chiral solution as for the sudden flow, as long as one uses the wrong subtraction scheme. See appendix A for detail. See also section 2 about the correct use of the Pauli-Villars spinor-boson with the anti-periodic boundary condition for chiral gauge theories.
We consider four-dimensional U(1) gauge theories where the gauge field couples to N left-handed Weyl fermions with charges q α satisfying the anomaly cancellation condition 2 ,
We assume the four-dimensional lattice of the finite size L and choose lattice units,
and adopt the periodic boundary condition for both boson fields and fermion fields.
Gauge fields
As for the U(1) gauge fields, we require the so-called admissibility condition:
where the field tensor F µν (x) is defined from the plaquette variables, 6) and is a fix number in the range 0 < < π. This condition ensures that the overlap Dirac operator [16, 17] is a smooth and local function of the gauge field if |q α | < 1/30 for all α [22] . 3 The admissibility condition may be imposed dynamically by choosing the following action,
where
The admissible U(1) gauge fields can be classified by the magnetic fluxes, 9) which are integers independent of x. We denote the space of the admissible gauge fields with a given magnetic flux m µν by U[m]. As a reference point in the given topological 2 We also consider two-dimensional U(1) gauge theories where the gauge field couples to N left-handed
Weyl fermions with charges qα and N right-handed Weyl fermions with charges q α satisfying the anomaly cancellation condition,
, one may introduce the gauge field which has the constant field tensor equal to 2πm µν /L 2 (< ) by
Then any admissible U(1) gauge field in U[m] may be expressed as
where A T µ (x) is the transverse vector potential satisfying
represents the degrees of freedom of the Wilson lines,
with the phase factor w µ ∈ U (1) and Λ(x) is the gauge function satisfying Λ(0) = 1.
Weyl fields
Weyl fields are introduced based on the overlap Dirac operator which satisfies the GinspargWilson relation [16, 17] :
We first consider the overlap Dirac fields ψ(x) which carry a Dirac index s = 1, 2, 3, 4 and a flavor index α = 1, · · · , N . Each components ψ α (x) couple to the U(1) link fields, U (x, µ) qα , respectively. We assume that the lattice overlap Dirac operators D acting on ψ(x), respectively satisfy the Ginsparg-Wilson relation,
and we define the projection operators as
The left-handed Weyl fermions can be defined by imposing the constraints,
Gauge-invariant effective action
The gauge-invariant effective action of the overlap Weyl fermions [13] is then given by
where {v j (x)} and {v k (x)} are the orthonormal chiral bases satisfyinĝ 21) and {v j (x)} is specified by the following formulae: for any interpolation of the link fields
Here, the local current j µ (x) is constructed so that it satisfies the following four properties,
is defined for all admissible gauge fields and depends smoothly on the link variables.
2. j µ (x) is gauge-invariant and transforms as an axial vector current under the lattice symmetries.
The linear functional
for all periodic variations η µ (x) and ζ µ (x).
The anomalous conservation law holds:
where Q = diag(q 1 , · · · , q N ).
Relation to five-dimensional domain wall fermion
The gauge-invariant effective action formulated by Lüscher, Γ[U ], is related to the (subtracted) partition function of the domain wall fermion with a local counter term by the following formula [21] : 5w is constructed from the Chern-Simon current induced by the five-dimensional Wilson fermion as follows.
Here the partition function of the domain wall fermion is defined in the interval x 5 ∈ [−N + 1, N ]a 5 of the extra fifth dimension (Shamir's version; Fig 1) with the Dirichlet b.c. 32) and that of the Pauli-Villars spinor-boson is defined in x 5 ∈ [−N + 1, 3N ]a 5 with the antiperiodic one. In order to introduce chiral-asymmetric gauge interaction for the chiral zero modes at the two boundaries x 5 = −(N + 1)a 5 and N a 5 , the link field is assumed to be five-dimensional,
interpolating between the four-dimensional link fields U 0 (x, µ) and U 1 (x, µ) at the boundaries (Figs 2 and 3 ). We assume that outside the finite interpolation region x 5 ∈ [−∆, ∆] (∆ < N a 5 ) the link field does not depend on x 5 and U 5 (x, x 5 ) = 1. We also assume that the five-dimensional gauge field U (z, a) is smooth enough and satisfies the bound on the five-dimensional field strength as follows:
Figure 2 . Domain wall fermion with a five-dimensional link field interpolating U 0 (x, µ) and U 1 (x, µ)Since the difference of the four-dimensional gauge fields at the boundaries is estimated as ln T , has a finite gap and makes the limit that the size of the fifth dimension goes to infinity, N → ∞, well-defined. Furthermore, this condition assures that the Chern-Simons current induced from the five-dimensional Wilson-Dirac fermion,
is a local functional of the link field. When the anomaly cancellation condition is satisfied, j a (z) can be written with a local and gauge-invariant anti-symmetric tensor field χ ab (z) as
And this tensor field χ ab (z) gives the local counter term C c 1 5w .
Gradient flow for the admissible U(1) link fields
For the admissible U(1) link fields, the gradient flow can be formulated so that it preserves their topological charges. We adopt the following gradient-flow equation for the admissible U(1) link fields,
where the field tensor F µν (x, t) is defined through
3)
and ∂ x,µ is the differential operator with respect to the U(1) link variable U t (x, µ),
With this choice, the solution U t (x, µ) preserves the admissibility condition,
To see this fact, we first note that if we assume the Bianchi identity,
then, by substituting the action (3.1) into the flow equation (3.2), it follows that
where ∂ ρ and ∂ * ρ denote the forward and backward difference operators respectively. With this flow equation Eq. (3.8), the admissibility condition (3.6) is preserved by the following theorem:
Theorem 1 (maximum principle) Suppose f (x, t) is periodic with respect to x, and satisfies the lattice version of the diffusion equation
9)
where x ∈ Γ, t ∈ [ 0, T ]. Then f (x, t) has a maximum at t = 0,
Conversely, if one is given the flow equation, Eq. (3.8), with the initial field tensor F µν (x, 0) satisfying the admissibility condition Eq. (3.6) and the Bianchi identity Eq. (3.7) at t = 0, then the solution F µν (x, t) respect these condition and identity for t > 0. From F µν (x, t), one can construct the transverse vector potential A T µ (x, t) by the relations (2.12), and then the link variables U t (x, µ) by the relation (2.11). This U t (x, µ) satisfies the original flow equation, Eqs. (3.2), (3.1) .
It is straightforward to solve Eq. (3.8):
where the Fourier transformation of the field tensor is defined bỹ
(3.14)
In the limit t → ∞, only the zero modeF µν (0, t) remains, and we obtain
where m µν is the magnetic flux of the initial link variable. Accordingly, we obtain
Proposal by Grabowska and Kaplan -Abelian case
We now implement the original proposal by Grabowska and Kaplan [1, 3] by using the domain wall fermion defined in the interval x 5 ∈ [−N, N + 1] of the extra fifth dimension (Shamir's version). We can define the effective action in the formulation of Grabowska and Kaplan as
(4.1)
where c gf denotes the five dimensional link field U (z, a) determined by the mapping
from the infinite gradient flow for the admissible U(1) link field,
By comparing with (2.27), we immediately obtain the relation of Γ GK [U ] to the gaugeinvariant effective action Γ[U ] as follows:
Here the variational parameter η µ (x, t) for the gradient flow is given by
and the measure term L η t is given by
Locality
In this section, we examine the locality property of the measure term contribution in Im(Γ GK ). For this purpose, we consider the topologically trivial sector in the infinite volume limit. The measure term current j µ (x)| U =Ut is a gauge-invariant local field of U t (x, µ). It can be expanded perturbatively in the power series of the flowed field tensor F µν (x, t) = e − t F µν (x). In the momentum space, it is given as
where the Fourier transformation is defined through
. . , p k−1 ) are analytic functions with respect to the momenta p, p 1 , . . . p k−1 . We note that perturbation series of the current start from the quartic term because of the anomaly cancellation condition and the lattice symmetries. 4 Then, substituting Eq. (5.1) to the measure term (4.10) and integrating with respect to the flow time t, we obtain the following expression for the measure term contribution.
and its derivatives in the measure term (4.10). 5 The factor 1/ k i=1p 2 i comes from the infinite gradient-flow. From this result, we note thatΓ
are smooth and bounded when ip 
where we take x k as the reference point, and B
(k)
n is defined by
We note that the number of elements in a set B (k) n is estimated as follows:
When α ≥ k, the right-hand side of Eq. (5.6) is not absolutely convergent, and therefore for every positive integer N , there exist n > N and x 1 , . . . , x k−1 such that
4 In two-dimensions, it starts from the cubic term. 5 At least two derivatives are necessary so that jµ(x) transforms as an axial vector under the lattice symmetries. For example,
is a possible term in the measure term Lη.
where c is a positive constant independent of n and x 1 , . . . , x k−1 . (In the two-dimensional case, the corresponding result reads > c/n 3k−2 .) This inequality shows that the measure term contribution in the imaginary part of effective action Im(Γ GK [U ]) is not exponentially bounded and thus non-local. We can also derive an upper bound of Γ (k)
. . , x k−1 , 0) in the following manner. Starting from the Fourier transformation,
we have
where α ≤ k. We note that 
(5.13)
Thus we have the following upper bound,
where c is a positive constant independent of x 1 , . . . , x k−1 .
Discussions
We examined the proposal by Grabowska and Kaplan (GK) to use the (infinite) gradient flow in the domain-wall formulation of chiral lattice gauge theories. We considered the case of Abelian theories and formulated the gradient flow for the admissible U(1) link fields so that it preserves their topological charges. The GK's effective action turns out to be equal to the sum of the Lüscher's gauge-invariant effective actions for the target Weyl fermions and the mirror "fluffy" fermions, plus the so-called measure-term integrated along the infinite gradient flow. The measure-term current is originally a local(analytic) and gauge-invariant functional of the admissible link field. However, with the infinite gradient flow, it gives rise to non-local(non-analytic) vertex functions Γ (k) (x 1 , . . . , x k ) which are not suppressed exponentially at large distance. The "fluffy" fermions remains as a source of non-local contribution, which couple yet to the Wilson-line and magnetic-flux degrees of freedom of the dynamical link field. The effect of these non-local terms, which appear in the imaginary part of the effective action, Im(Γ GK [U ]), should be examined further. In particular, there may be possible effects to the critical phenomena and the continuum limit of the lattice model. These are dynamical questions, and we would need non-perturbative and/or numerical approaches. However, we believe, these questions should be addressed before considering the use of the gradient flow method in the construction of chiral lattice gauge theories (cf. [23, 24] ).
A More on the chiral solution of the GW relation
In this appendix, we extend the derivation of the chiral solution of the Ginsparg-Wilson relation, D χ , for the case of sudden flow [2] to the case of gradual flow, and show that the result of the latter is identical to the former.
In [2] , the chiral solution of the Ginsparg-Wilson relation is obtained by the formula,
Here the set of the link fields {U (s) (x, µ) | s = 1, · · · , L} defines the extrapolation of the dynamical four-dimentional link variables U (x, µ) located at s = 1 by the gradient flow:
The link field at s = L is denoted as U (x, µ) in general, while the fixed point of the gradient flow is denoted with the symbol as U (x, µ). We note that U (x, µ) is not necessarily equal to U (x, µ), when the region of the extrapolation has a finite extent (in lattice unit). We also note a useful matrix relation,
A.1 Sudden flow (to the fixed point)
First we assume
and introduce 6) and use the matrix relation (A.3). Then we obtain (1 − (L) ) = 2B 1
Combining these two results, we further obtain
(1 − (L) ).
(A.14)
By canceling the same matrix factor, 15) in the numerator and the denominator, we finally obtain In the above result, if one sets ∆ = 0 or replaces the operator 1 s=∆ T (s) to unity, it reproduces the result of the case of sudden flow, as it should be.
Since the result of the case of gradual flow is independent of 1 s=∆ T (s), one can take the limit ∆ → ∞ or U → U , and obtain the original result
Thus it is indeed the general result for E χ which is valid not only for the sudden flow, but also for the gradual flow.
